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1. Introduction
$\mathrm{R}^{d}$ 2
$L=- \sum_{j,k=1}^{d}\frac{\partial}{\partial x_{k}}(a_{jk}(x)\frac{\partial}{\partial x_{j}})+c(x)=-\nabla\cdot a(x)\nabla+c(x)$,
. $d\geq 2,$ $\nabla=(\partial/\partial x_{1}, \cdots, \partial/\partial x_{d})$ and $a(x)=(a_{jk}(x))_{j,k=1}^{d}$ . $\mathrm{R}^{d}$
$\mathrm{Z}^{d}$- , $a_{jk}(x+m)=a_{jk}(x)$ $c(x+m)=c(x)$
$x\in \mathrm{R}^{d}$ $m\in \mathrm{Z}^{d}$ . $a(x)$
$\mu|\xi|^{2}\leq\sum_{j,k=1}^{d}a_{jk}(x)\xi_{j}\xi_{k}\leq\mu^{-1}|\xi|^{2}$, $x,\xi\in \mathrm{R}^{d}$ , for some $\mu>0$
. $c\in L_{lo\text{ }^{}\mathrm{p}}(\mathrm{R}^{d}),$ $p>d/2$ , . $L$
$D(L)=\{u\in H^{1}(\mathrm{R}^{d});Lu\in L^{2}(\mathrm{R}^{d})\}$
, $L^{2}(\mathrm{R}^{d})$ .
Bloch . $\xi\in \mathrm{R}^{d}$
$L(\xi)=e^{-i\xi\cdot x}Le^{j\xi\cdot x}=-(\nabla+i\xi)\cdot a(x)(\nabla+i\xi)+c(x)$ ,
$D(L(\xi))=\{u\in H^{1}(\mathrm{T}^{d});L(\xi)u\in L^{2}(\mathrm{T}^{d})\}$
. $\{L(\xi)\}$ analytic family of type (B) $([\mathrm{K}\mathrm{a}])$ . $L(\xi)$
$L^{2}(\mathrm{T}^{d})$ . $L(\xi)$
$\lambda_{1}(\xi)\leq\lambda_{2}(\xi)\leq\cdots$
. $\lambda_{n}(\xi)$ 2\mbox{\boldmath $\pi$}Zd . $\lambda_{n}(\xi)=\lambda_{n}(-\xi)$ . $L$
$\sigma(L)=\bigcup_{n=1}^{\infty}\{\lambda_{n}(\xi);\xi\in(-\pi, \pi]^{d}\}$
. .
(i) $\min\lambda_{1}(\xi)=\lambda_{1}(0)<\lambda_{1}(\xi)$ .for $\xi\in[-\pi, \pi]^{d}\backslash \{0\}$ . $[\mathrm{K}\mathrm{S}]$
$\xi\in \mathrm{R}^{d}$
(ii) $\lambda_{1}(\xi)$ $\{\xi\in \mathrm{R}^{d};\lambda_{1}(\xi)<\min\lambda_{2}(\xi)\}$ , nondegenerate .
$\xi\in \mathrm{R}^{d}$
(i\"u) $\mathrm{H}\mathrm{e}\mathrm{s}\mathrm{s}\lambda_{1}(0)$ positive definite [Pi]
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$W_{\lambda}$ $\xi=0$ $\{\xi\in \mathrm{R}^{d};\lambda_{1}(\xi)<\lambda\}$ ,
$\lambda_{c\mathrm{o}nv}:=\sup\{\lambda’\leq\min_{\xi\in \mathrm{R}^{d}}\lambda_{2}(\xi)$ ; for any $\lambda_{1}(0)<\lambda<\lambda’$ ,
(i) $\mathrm{H}\mathrm{e}\mathrm{s}\mathrm{s}\lambda_{1}(\xi)$ is positive definite on $W_{\lambda;}$
(ii) $\bigcup_{m\in \mathrm{Z}^{d}}(W_{\lambda}+2\pi m)=\{\xi\in \mathrm{R}^{d}; \lambda_{1}(\xi)<\lambda\}\}$ .
. $\lambda_{1}(0)<\lambda_{\text{ }onv}$ , $\lambda_{1}(0)<\lambda<\lambda_{\mathrm{c}onv}$ $\overline{W_{\lambda}}$
. $X_{\lambda}:=\partial W_{\lambda}$ . $X_{\lambda}$ $N(\xi)=-\nabla\lambda_{1}(\xi)/|\nabla\lambda_{1}(\xi)|,$ $\xi\in X_{\lambda}$ ,
, $K_{\lambda}(\xi)$ $X_{\lambda}$ $\xi$ . $s\in \mathrm{S}^{d-1}$ ,
$\xi_{s}\in X_{\lambda}l>s*=\nabla\Lambda(\xi_{s})/|\nabla\Lambda(\xi_{s})|$ , $u_{\xi}(x)\in H^{1}(\mathrm{T}^{d})$
$\lambda_{1}(\xi)$ , , $(L(\xi)-\lambda_{1}(\xi))u_{\xi}(x)=0$ . $u\in L^{2}(\mathrm{T}^{d})$
$||u||^{2}= \int_{\mathrm{T}^{d}}|u(x)|^{2}dx$ . $G_{\lambda\pm i0}^{(k)}(x, y)$ $\lim_{e\downarrow 0}(\frac{d}{d\lambda})^{k}(L-(\lambda\pm i\epsilon\rangle)^{-1}$ .
[Th, $\mathrm{G}\mathrm{N}$] . .






Remark 1. $\lambda<\lambda_{1}(0)$ , $\lambda=\lambda_{1}(0),$ $d\geq 3$ , ,
$([\mathrm{M}\mathrm{T}])$ .






, . $g_{j}(x, y)$ $\lambda_{1}(\xi)$
$\frac{u_{\xi}(x)\overline{u_{\xi}(y)}}{||u_{\xi}||^{2}}$ $\xi=\xi_{s}$ .
2. Sketch of the proof












. $P(\xi)$ $\{u\in L^{2}(\mathrm{T}^{d});(L(\xi)-\lambda_{1}(\xi))u=0\}$ ,
$P(\xi)$ $p(\xi;x, y)$
$p( \xi;x, y)=\frac{u_{\xi}(x)\overline{u_{\xi}(.y)}}{||u_{\xi}||^{2}}$ , $x,$ $y\in \mathrm{T}^{d}$
. , $\psi$ $X_{\lambda}$ cutoff ,
$G_{\lambda+ie}(x,y)= \int_{(-\pi,\pi]^{d}}e^{i(x-y)\cdot\xi_{\frac{\psi(\xi)p(\xi;x,y)}{\lambda_{1}(\xi)-\lambda-i\epsilon}\frac{d\xi}{(2\pi)^{d}}}}$
$+ \int_{(-\pi,\pi]^{i}}e^{(x-y)\cdot\xi}:[(1-\psi(\xi))R(\xi, \lambda+i\epsilon;x,y)+\psi(\xi)e^{ix\cdot\xi}Q_{\lambda+:e}(\xi;x,y)]\frac{d\xi}{(2\pi)^{d}}$ ,
. $R(\xi, z;x, y)$ $Q_{z}(\xi;x, y)$ $(L(\xi)-z)^{-1}$ $Q_{z}(\xi)$ .
, $N$ $O(|x-y|^{-N})$ . – . $d=2$
, $s=(x-y)/|x-y|$ $e_{1}=(1,0)$ . $\psi(\xi)=\psi_{A}(\xi)+\psi_{A’}(\xi)+\psi_{B}(\xi)$
, $\psi_{A}$ $\xi_{e_{1}}$ cutoff , $\psi_{A’}$ $-\xi_{e_{1}}$ cutoff .




$=O(|x-y|)^{-N}$ for $(x-y)/|x-y|\sim e_{1}$ ;
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. , $T$ , $\partial_{\xi_{1}}[s_{1}\xi_{1}+s_{2}\xi_{2}(\xi_{1}, \eta_{2})]\neq 0$
.






$arrow I_{A}(x, y)=\int e^{1[(x-y)_{1}\xi_{1}(\eta_{1},\xi_{2})+(x-y)_{2}\xi_{2}]}.p_{A}(\eta_{1}, \xi_{2} ; x, y)[\mathrm{p}.\mathrm{v}.\frac{1}{\eta_{1}}+\cdot\pi\delta(\eta_{1})]d\eta_{1}d\xi_{2}$
.
Lemma. $b(x)\in C_{0}^{\infty}(\mathrm{R})$ , $\varphi(x)$ $C^{\infty}(\mathrm{R})$ - . suppb $\varphi’(x)>0$
. $N$ ,\nu \rightarrow \pm \infty ,
$\int_{-\infty}^{\infty}e^{1\nu\varphi(\eta_{1})}b(\eta_{1})\mathrm{p}.\mathrm{v}.\frac{1}{\eta_{1}}d\eta_{1}=\pm i\pi e^{i\nu\varphi(0)}b(0)+O(|\nu|^{-N})$ .
Proof. $\varphi(x)=x$ , $N$ ,
$\int_{-\infty}^{\infty}e^{i\nu x}b(x)\mathrm{p}.\mathrm{v}.\frac{1}{x}dx=-i\sqrt{\pi/2}$ (sgn $\nu*\hat{b}$) $(-\nu)=\pm i\pi b(0)+O(|\nu|^{-N})$
as $\nuarrow\pm\infty$ . $\hat{b}(\nu)$ $b$ . $\varphi$ ,
.
Lemma , $N$ $(x-y)/|x-y|\sim e_{1}$
$I_{A}(x,y)=2i \pi\int_{\mathrm{R}}e^{1[(x-y)_{1}\xi_{1}(0,\xi_{2}\rangle+(x-y)_{2}\xi_{2}]}p_{A}(0,\xi_{2}; x, y)d\xi_{2}+O(|x-y|^{-N})$ .
$\xi_{2}$ - , $G_{\lambda+i0}(x, y)$ . ,
$I_{A^{\prime=}}O(|x-y|^{-N})$
.
3. The limiting absorption principle
.
$B_{\delta},$ $s\in \mathrm{R}$ ,
$B_{\theta}:= \{v\in L_{lo\epsilon}^{2}(\mathrm{R}^{d});||v||_{B}. :=\sum_{j=1}^{\infty}R_{j}^{t}(\int_{R_{j-1}<|x|<R_{\mathrm{j}}}|v(x)|^{2}dx)^{1/2}<\infty\}$,
$R_{0}=0,$ $R_{j}=2^{j-1},$ $j>0$ , . $B_{\iota}^{*}$ ,
$B_{\delta}^{*}= \{v\in L_{lo\mathrm{c}}^{2}(\mathrm{R}^{d});||v||_{B}::=\sup_{j\geq 1}R_{j}^{-s}(\int_{R_{j-1}<|x|<R_{\mathrm{j}}}|v(x)|^{2}dx)^{1/2}<\infty\}$
.
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$C|\log|x-y||$ , $d=2$ ,
$C|x-y|^{-(d-2)}$ , $d\geq 3$ ,
$G_{\lambda+i0}(x, y)\chi_{1}(|x-y|)$ $L^{2}(\mathrm{R}^{d})$ .
$\chi_{1}(r)$ $r=0$ 1 cutoff .
$|x-y|$ $(x-y)/|x-y|\sim e_{1}$ , $N$
$G_{\lambda+:0}(x, y)=I_{A}(x,y)+O(|x-y|^{-N})$
$=2i \pi\int_{\mathrm{R}^{d-1}}e^{i[(x-y\rangle_{1}\xi_{1}(0,\xi_{2})+(x-y)_{2}\xi_{2}]}p_{A}(0,\xi_{2}; x, y)d\xi_{2}+O(|x-y|^{-N})$ ,
. $C(T^{d})$- $\varphi,$ $\psi$ , $PA(0, \xi_{2}; x, y)=\varphi(\xi_{2}, x)\psi(\xi_{2}, y)$
. $\chi$ $e_{1}$ cutoff $f,$ $g\in C_{0}^{\infty}(\mathrm{R}^{d})$
$\int_{\mathrm{R}^{d}}g(x)dx\int_{\mathrm{R}^{d}}\chi(x-y)I_{A}(x,y)f(y)dy$
$= \int\int_{\mathrm{R}^{d}\mathrm{x}\mathrm{R}^{d}}\int_{\mathrm{R}^{i-1}}\chi(x-y)e^{i[(x-y)_{1}\xi_{1}(0,\xi_{2})+(x-y)_{2}\xi_{2}]}\varphi(\xi_{2}, x)g(x)\psi(\xi 2,y)f(y)dxdyd\xi_{2}$
. ,
,
$\leq C\int||g(x_{1}, \cdot)||_{L^{2}(\mathrm{R}^{d-1})}dx_{1}\int||f(y_{1}, \cdot)||_{L^{2}(\mathrm{R}^{d-1})}dy_{1}\leq C||f||_{B}||g||_{B}\:$
’
.
4. The one dimensional case
$d=1$ , , $\lambda_{n}$
, .
$L=- \frac{d}{dx}a(x)\frac{d}{dx}+c(x)$
, $a(x)\geq\mu>0$ (x) . $\mu_{1}<\nu_{1}\leq\mu_{2}<\nu_{2}\leq$
$\mu\<\nu_{\}\cdots$ ,
$\sigma(L)=\bigcup_{n=1}^{\infty}[\mu_{n}, \nu_{n}]$ and $[\mu_{n}, \nu_{n}]=\{\lambda_{n}(\xi);0\leq\xi\leq\pi\}$
. $n$ , $\lambda_{n}(\xi)$ $[0, \pi]$ , $n$ , $\lambda_{n}(\xi)$ $[0, \pi]$
.
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Theorem. $\lambda$ $\sigma(L)$ , $n$ $\lambda\in(\mu_{n}, \nu_{n})$ $\lambda=\nu_{n}=\mu n+1$
,
6) $\xi\in(0, \pi)$ $n$ $\lambda=\lambda_{n}(\xi)\in(\mu_{n)}\nu_{n})$ .
$G_{\lambda+i0}(x, y)=\{$ $=\mathrm{i}e_{\lambda_{n}’(\xi)||u_{\xi}}^{i(yx)\xi}ie_{\lambda_{n}’(=\xi)=\overline{\frac{\xi u_{\xi}(y)||^{2}}{u_{\xi}(x\rangle||^{2}}}}^{i(xy)\epsilon_{u_{\xi}(x)}}u_{\xi}(y)||u$ $y\leq xx\leq y$
$u_{\xi}$
$\lambda_{n}(\xi)$ .
(ii) $\xi\in(0, \pi)$ $n$ $\lambda=\lambda_{n}(\xi)\in(\mu_{n}, \nu_{n})$ .
$G_{\lambda+:0}(x, y)=\{$ $=ie^{i(xy)\xi},u_{\xi}(x)=|\lambda_{n}’(=^{x)\epsilon_{u_{\xi}(y)}}\xi)|||u\overline{\frac{\xi u_{\xi}(x)||^{2}}{u_{\xi}(y)||^{2}}}ie^{i(y}|\lambda_{n}(\xi)|||u_{\xi}$ $x\leq yy\leq x$
$\lambda_{n}(\xi)$ .
(iii) $\lambda=\lambda_{n}(\pi)=\nu_{n}=\mu_{n+1}$ .
$G_{\lambda+i0}(x, y)=\{$ $=ie_{\lambda_{n}(\pi)}^{i(yx\rangle\epsilon_{\frac{\frac{u_{\pi}(x)\overline{u_{\pi}(y)}}{u_{\pi}(y)||u}\frac{\pi||^{2}}{\pi u_{\pi}(x)||^{2}}}{||u}}},)ie_{\lambda_{n}’(=^{y)\pi}\pi}^{i(x}$ $x\leq yy\leq x$




$G_{\lambda+i0}(x, y)=\{$ $=|\lambda_{n}’(0)|\overline{\frac{u_{0}(x)||u_{0}||^{2}}{u_{0}(y)||u_{0}||^{2}}}|\lambda_{n}’(0)|iu_{0}(y)iu_{0}(x)$ $y\leq xx\leq y$
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